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1 Introduction 



A great variety of works based on the quantum spheres have been developped since the ap- 
pearence of Podles spheres [1] and their symmetries [2]. Most part of these studies have been 
done either in the quantum bundle formalism where the quantum spheres provide concrete ex- 
amples to test the different structures of this formalism [3, 4, 5] or, more recently, in quantum 
field theories on quantum spheres which should respect the SUq{2) quantum symmetries (see 
for example [6, 7, 8, 9] and references therein). 

In the other hand, the evolution of a free particle in the quantum Minkowski space-time has 
been analysed in [10] and the transformations of its quantum velocity under the Lorentz sub- 
group of boost transformations in [11]. 

In section 1 of this paper we persue these studies by recasting the quantum spheres in the 
noncommutativc special relativity where we show that we can regard them as quantum mani- 
folds embedded into the quantum Minkowski space-time. This embedding preserves the reality 
structure and the commutations rules of the quantum Minkowski space-time coordinates. In 
particular, we show that in the time-like region of the quantum Minkowski space-time the 
Hilbert space TY*-^-* of states describing the noncommutativc relativistic evolution of a free par- 
ticle having a quantum velocity of length |t>|^ = (1 -|- Q^c{L)), c{L) = — ^g(L+i)_^^-(L+i)-)2 with 
L > 1 is an integer, q is the deformation parameter and Q = q + q~^ are precisely, for fixed 
time, the space of irreducible representations of the Podles quantum spheres S^^ with c = c(L). 
We also show in this section that the Hilbert space of representations of the space-like region 
of the quantum Minkowski space-time corresponds, for particular fixed time, to the Hilbert 
space of representations of the qiiantiim spheres S"^^ where c g]0, [oo or S"^^. 
In section 3, we shox that the state transformations under the coaction of the SO g{3) group 
exhibites the periodicity of the quantum sphere states through a decomposition of the trans- 
formed Hilbert space in terms of orthogonal subspaces each describes the same quantum sphere. 



2 The quantum spheres 

Before embedding the different quantum spheres into quantum Minkowski space-time, let us 
recall briefly some properties of the noncommutativc special relativity presented in [10]. First 
it was shown in [12] that the generators {N, M = 0, 1, 2, 3) of quantum Lorentz group 
may be written in terms of those of quantum SL{2, C) group as 

A/ = ^S^^i"M/a^,M/£^/^ (1) 

where Mj^ {a, P — 1,2) and MJ^ — (Mj^)* are the generators of the quantum SL{2, C) group 
subject to the unimodularity conditions So.pM^'^M/ = e^s, e^^M^'^M/ = e^^M^'^Mf = 
e^g, e^^M^°-M^^ — Q — q-\- q~^ and the spinor metrics are taken to be Saji — — = 

( ^1 ^ I where q g]0, 1[ is a real deformation parameter. a^>. are a set of four in- 
\ g2 / 
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dependent matrices composed by the Pauli matrices cr^^ {n — 1,2,3) and the identity ma- 
trix and = e'^^R\^^e''f^a^„. = qh^PR-^^^e^f^ai.. The i?-matrices are given by 

R^a? = SiSj + q^'e'fe^^ and i?^f = 616^ + q^'e'^s^^ satisfying R^l^R'^g = 5^(5^ and 
R^i^R^i^ = 5^5^- They induce the commutation rules MJ>MfR^l^^ = R^^^pM^^Mj and 
M''M-^R^^^- = K^^^-M'^M-K 

a per ^ ap P cr 

The Lorentz group generators are real, (Aj^)* = , and generate a Hopf algebra C endowed 
with a coaction A, a counit e and an antipode S acting as A{Aj^) = , e{K^) = 5^ 

and S{Aj^) — Gnk^l'G^^ respectively. is an invertible and hermitian quantum met- 

ric given by G = ^e^'^a^^^a^i^'^e^^ = ^e^^a^^^a'^^^e^^. The form of the antipode of A/^ 

implies the orthogonality conditions Gnm^l^k = Glk and G ^^A/A/^ = G of the 
generators of the quantum Lorentz group. 

The quantum metric G^^ can be considered as a metric of a quantum Minkowski space-time 
Aii equipped with real coordinates Xjv, {X^)* — X^. Xq represents the time operator and 
Xi {i — 1,2,3) represent the space right invariant coordinates, Aji{Xi) — Xi ® I, which 
transform under the left coaction as 

A^(X,)=A/®X^. (2) 

From the hermiticity of the Minkowskian metric and the orthogonality conditions we can see 
that the four- vector length G^'^ X^Xm = — is real and invariant. It was also shown in [12] 
that is central, it commutes with the Minkowski space-time coordinates and the quantum 
Lorentz group generators. Aj^ and X^ are subject to the commutation rules controlled by 
the TZpQ matrix as: 

A/A^«7^^5^ = 7^^gAp^AQ^ (3) 

and 

^N^M = T^NM-^P-^Q (4) 

where the 7^-matrix of the Lorentz group is constructed out of those of SL{2,C) group and 
satisfyes the relations TZ^^G^^ = G^^ and TZ'^^Gnm = Gkl which show the quantum 
symmetrization of the Minkowskian metric G^^ and its inverse. 

To make an explicit calculation of the different commutation rules of the generators of the 
quantum Lorentz group, we take the following choice of Pauli hermitian matrices 

^0 - M M ^1 - M ^2 _ / \ 3 

\Q I ) ' <-p~ \ i Q ) ' \i y ' "/^ 

This choice leads us to a quantum metric form G^^ exhibiting two independent blocks, one for 
the time index and the others for space components indices {k = 1,2,3) whose nonvanishing 
elements are = -g"!, G^^ = G^^ = G^^ = q^, G^^ = -G^^ = -iq^^i^. The non 
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vanishing elements of its inverse are Goo — —Q^, Gn — G22 — Q G33 — q ^ and G12 — 

—G21 — iq~^ ^''~\ ■ In the classical limit ? = 1, this metric reduces to the classical Minkowski 
metric with signature (— , +, +, +). Exphcitly, the length of the four-vector reads 

G^^X^Xm = -r^ = -q-'^Xl + q^ ^ 'jW^+^'^W. ^ ^2^ 

where = Xi + 1X2 and X^ = Xi — 1X2. An explicit computation of (4) gives 

[Xq, Xn] — 0, 

X^X, - q^X.X^ ^{q- q-')X^X, , X^X^ - q'^XjX^ = -q'^iq - q-')X^X^ 

and 

X,X-, - X-,X, = (g - q-^)Q{Xl + q-^X^X^). (6) 

The Pauli matrices satisfy CTq"^ = —0"°^ = — (5f , aMaa = ^7vii+^Ar22 — ~Q^n o-^"" = 
which make explicit the restriction of the quantum Lorentz group to the quantum subgroup of 
the three dimensional space rotations by restricting the quantum SL{2, C) group generators 

to those of the SU{2) group. In fact when we impose the unitarity conditions, M^^ — S{Mp°-), 
in (1) we get 

K^ = 5% , Ao^ = C (7) 

which lead us to the restriction of the Minkowski space-time transformations under the quan- 
tum Lorentz group to the orthogonal transformations group SOq{3). This subgroup leaves 
invariant the three dimensional quantum subspace TZ^ C equipped with the real coordi- 
nate system Xj (i = 1, 2, 3) and the Euclidian metric G'^ . More precisely as a consequence of 
(7), (2) reduces to 

Ai(Xo) = Ao°®Xo = /®Xo , AL{Xi)=A/ ^Xj (8) 

where A(i) is the restriction of (2) to the three dimensional quantum subspace of M.4. A/ = 
^a^^'^M^a\pS{Mj^)e^^ generate a 5Cq(3) Hopf subalgebra C whose the axiomatic structure 

is derived from those of C as A(A/') = A-^ ® , ^(A/') = 5/' and 5(A/') = G^k^^G = 
Gikki^G where G is the restriction of G satisfying G '^Gkj = 5] = G^-^G ^\ G'^TZf^ = G*^' 
and GkiRjfj — Gij which are the quantum symmetrization of the Euclidian metric G*^ and its 

inverse. The form of the antipode S'(A/) implies the orthogonality properties of the gen- 
erators of the quantum subgroup SOqiZ) as G '^^A^Aj'' = G and Gi^A^ A.^ = Gij. The 
commutation rules of the coordinate Xi of TZ^ satisfy the same commutation rules (6) where 
Xq is taken to be a constant parameter, recall that it commutes with the spacial coordinates Xj. 
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Therefore, A/ = ^ai^'^MJa^^^S{M/)e''/^ establishes a correspondence between SUq{2), Mj = 



with the commutation relation 

70; / 



aa* + q 77* = 1, a*a + 77* = 1, 77* = 7*7, 07* = g7*a, = q'ya (9) 

and SOq{3) group. In the three dimensional space TZ^ spanned by the basis X^, and X3, 
where the SOq{2>) coacts, the generators A/ = ^a^^'^M^'' ^f,S{Mf)e'^f^ read 



(A/) 



/ -2^77 2a*a* Q-fa* \ 

\ -2q;7 -27*0;* 1 - qQ^^* J 



e M3 C{SUq{2)) (10) 



where the indices i, j run over z — 1 + i2, z — 1 — i2 and 3. 

In the case > 0, timc-likc region, it was shown in [10] that the evohition of a free particle 
in the Minkowski space-time is described by states belonging to the Hilbert space Ti^^'' whose 
basis is spanned by common eingenstate of Xq and X3 

Xo\t, L,n) — t\t, L,n) , x^lt, L,n) — x^'^'^^'lt, L,n) (11) 

where = q'l^, xf^^^ = q-H{^-^ - 1), 7^^^ = '''""tj ^ = 0,1, 2, ....00 and n 

runs by integer steps over the range < n < L. X^ and X^ act on the basis elements of H^^^ 
as 



X.\t, L, n) = A^g-(^-")(l - g^("+^))^(l - q'^'--^)^, L, n + 1) 

and 

X^%L,n) = A^g-(^-"+^)(l - g^")^(l - g^^^-^^))^ |t, L, n - 1) (12) 

respectively where AA = 1. In the following we take A = — 1. The length of velocity of the 
particle is given by \v\l = ^s^M^vk^liW j^vi) ^ I - <l. 

The light-cone, = 0, corresponds to L = 00 leading to = 1 which is the velocity of the 
light. In this region the evolution of the particle is described by states |t, n) {n = 0, 1, 00) 
satisfying 

XQ\t,n)^t\t,n) , X^\t,n)^q-H{q^''+^Q-l)\t,n), 
X,% n) = -?"ig(l - ?'("+^))^ |i, n + 1) 

and 

X^% n) = -g("-^)iQ(l - g2")^ |t, n-l). (13) 
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In the following we take the length of the quantum three- vector as = (g^zX^+g 
The quantum group SOq{3) acts on the spatial coordinates Xj as (8) and lives invariant both 
Xo and r^, then q-^X^ - q-kr^ ^ ^ q-^G'^X^Xj = («z^li2^ + X|) = For 
fixed we have 

i?2(^)|L,n) = g-¥(l-^)|L,n), (14) 

and the relations (11,12) for finite L > 1 and 

R^\n) = q'H'^ln) (15) 

and the relations (13) for L = oo where the orthonormal states \L,n) and \n), {L,n'\L,n) — 
Sn/^n, n', n = 0,1, L, and {n'\n) = Sn\n, n', n = 0, 1, oo, denote the states satisfying (11,12) 
and (13) respectively. The unique state |t, 0,0) corresponding to L = describes a particle at 
rest at the origin of the spacial coordinate system, for t = then = it representes the origin 
of the four coordinate system of the quantum Minkowski space-time, XAr|0,0,0) = 0|0,0,0). 
Therefore, The L + 1 dimensional Hilbert subspace H^^^ of states describing the evolution of 
a free particle of a given length of the velocity in the noncommutative Minkowski space-time 

can be identified, for fixed time, with the Hilbert space 7i^o2 of irreducible representations of 

'-'"J 

the quantum spheres of radius R^^^ — q~H{l — ::pp:j)2. This observation leads us to state 

Theorem: the Podles spheres S^^p are slices along the time coordinate of the different re- 
gions of the quantum Minkowski space-time M.^ 

Slxp = {Xn e M^\Xo - io, = To'}. (16) 

The quantum spheres S"^^ where c = c{n) — — f^^n^^-ny n — 2, 3, oo correspond to slices at 

1 

to = —q and Tq = tj^^xt where n = L + 1, L > 1. 

The quantum spheres S'^^ where c e]0, oo[ correspond to slices at to = —q and Tq = —q^Q^c 
and corresponds to a slice at to = and Tq = —Q^Q^- 

proof: Due to the fact that Xq and comniTite with the spacial coordinates X^, X- and 
X3, Xo and can be taken to be constants without contradict the commutation rules (6). If 
we set Xz = Qei, X3 = Cq, X- = Qe_i, A = (g — g^^)Xo = {q — q^^)t and p = q^'^t^ — q^^r'^ 
into (5-6), we see that we recover the algebra generators of the quantum sphere A{Sg) given 
by (2a-e) in [1]. 

1 

For to — —q and Tq = ^^f^ > 0, L > 1, we have X — 1 — q^ and p — R^ — 1 — ^^j^ry = Q^c + 1 

giving c — c{L) = — gx^^xy = c(n) = — (•^n_)_^-n)2 where n = L + 1. These constraints corre- 
spond to slices of the past time-like region for finite L or a slice of the past light-cone region 
for L = 00. They fit with the quantum spheres S^^ with c = c(n) < which are described by 
states satisfying (11, 12, 14) for finite L > 1 and (13) and (15) for L = 00. 
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We follow the same procedure presented in [10] to invstigate the Hilbert space W of space 
of representations of the space-like region of the Minkowski space-time. The elements \t,n) 
n = 0, 1, oo of the basis of satisfy 

X„|(,„) = (|t,«) , X,\t,n) = ± -''")' ) _ g-H)\t,n), 

and 

Mt, n) = "(f ± «^^^) - ,-(f ± «!^!^)) - „ - 1) (17) 

where = q~ia < 0. By substituting a = —QH^c, c e]0, oo[ we get: 
X,\t,n) = q-Hiq^'-^'^Qi^ ± (c+ i)^) - l)\t,n), 

X,\t,n) = -q-'Qtiq^'"^'\l ± (c+ 1)^)(1 - q^'^+'X^ ± (c+ 1)^)) + c)^t,n + l) 

and 

n) = -g-^gt(g^"(^ ± (c + - q'-il ±{c+\t^))+cy^\t,n-l). (18) 

If we put in (18) t = to = —q the Hilbert space states can be identified to the space of 
irreducible representations of the Podlcs quantum spheres iS^,. where c g]0. oof and if we put 
in (17) to = and a = —q^Q^ we obtain the space of representations of the Podles quantum 
sphere S^^. Q.E.D. 

We may also consider, as for the time-like region, that the Hilbert space Ti.^ spanned by 
\t,n) satisfying (18) as space of states describing the evolution in the space-like region of the 
quantum Minkowski space-time of a free particle moving with an operator velocity of compo- 
nents Vz — Xx/t, Vz — X-z/t and — X^/t. In this case we obtain from (18) a length of the 
velocity I^TI^ = -^ViVj ^ 1 + Q^c > 1 great than the velocity of the light \v\g = 1 [10]. 
Note that from (18), (11, 12) and (13) we have 

limW — ^ 1-1^°°^ < — lim U'-^l 

To investigate the transformations of the quantum sphere states under the SOq{3) quantum 

group wc have to construct the Hilbert space states Ti.sOg{3) where the generators A/ act. Since 
the Xq — A(i)(Xo) — I i^Xq and XI — A(i)(Xj) — A/ ^Xj fulfil the same commutation rules 
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(6) the transformed states of the quantum sphere satisfy the same relations (11, 12) in the 
time-hke region, (13) in the hght-conc and (17) in the space-hke region. Since the coordinates 
Xi transform under the tensorial product of SOq{3) and S'^, the transformed states also belong 
to the tensorial product 7isOq(3) ® 'Hs^ [10] which needs the construction of the Hilbert space 

To construct HsOqis) we are not obliged to compute explicitly the complicated commutation 
rules (3) where we impose (7) but we simply consider the action of the SUq{2) generators on 
the orthonormal Hilbert space states; 7|n) = g^jn), 7*|n) = g^jn), a\n) = (1 — g^")^|n — 1) 
and a*\n) = (1 — g^*^""*"^^) 2 |n + 1) (n = 0, 1, 2, . . . , 00) which, combined with (10), give the 
action of the generators of 5(9^(3) on the basis \n) of the Hilbert space Ti-sOgis) as 

Ag'ln) = (l-g(2n+i)Q)|„) ^ A/|n) = -2q^^''+^^ \n) , A^\n) = -2q^^''+^^\n) 
A3» = -2g"(l-g2")^|n-l) , Vlri) = -2g("+^)(l - g2("+^))^ |n + 1), 
A/|n) =gg^"+^)(l-g'("+i))^|n + l) , A/|n) = gg"(l - g2^)^|n - 1), 

A/|n) =2(l-52('^+l))5(l-g2(n+2))i|^^2) , A/|n) =2(l-52n)i(^_^2(n-l))i|^_2)_ 

(19) 

Now we are ready to investigate the transformations of the quantum sphere states under the 
SOq{3) group. 



3 The transformations of the quantum sphere states 

To investigate the transformed quantum sphere states under the SOq{3) quantum group, we 
follow the study of the quantum boost transformations in noncommutative special relativity 
presented in [11]. Let us recall that in the boost transformation the four coordinates trans- 
form by yielding a change of the time operator Xq, the length of the three spacial- vector 
gX^x-H-g — x-Xz _|_ ^2 g^j^^ ^YiQ component X3 which leads to a change of the quantum number L 

and n in the transformed states. Under the SOq{3) transformations, the spacial coordinates 
transform but the length \X\q of the three- vector and the time operator Xq remain invari- 
ant. Then under the SOq{3) group the quantum number L remains fixed but n changes and, 
therefore, the transformed states \L,p) , p — 0, 1,...,L may be given either in the Hilbert 
subspace states H^g2 or in the tensorial product HsOqis) ® "^5^^- More precisely, if we con- 
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sider the orthonormal basis \m,L,n) — \m) (8) \L,n) of the Hilbert space HsOg{3) (H) H^gi or 
|m, n) = \m) ® \n) of the Hilbert space HsOqis) ® we have 

{m',L,n'\m,L,n) = Sm',mSn',n , 

m=oo n=L 

J2 ^\m,L,n){m,L,n\^l (20) 

m=0 n=0 

for finite L and 

{m\n'\m,n) = 5m',mK',n , 
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|m,n)(m, n| = 1 (21) 

m=0 n=0 

for L = oo from which we deduce that under the coaction of SOq{3) quantum group the 
transformed sphere states may be written as 

m=oo n=L 

\L,p) ^ Yl Y\'m^L,n){m,L,n\L,p) , p = 0, 1,...,L (22) 

m=0 n=0 

for finite L and 

m=oo n=oo 

|p) = X! ' P = 0, l,...,oo (23) 

m=0 n=0 

for L = oo. In the space-hke region we have the same relations (21) for the Hilbert space 
T^sOq{i) ® T^s"^ and the same transformed states (23) satisfying (17) or (18). 
The transformations (8) of the coordinates act on the states (22) as 

m=oo n=L 

X',\L,p) ^\l){X,)\L,p) ^ Y YiV ®Xj)\m,L,n){m,L,n\L,p) (24) 

m=0 n=0 

where (A/ Xj)\m, L,n) — A/|m) Xj\L,n). By using (11-12) and (19), we deduce from 
(24) the following relation 

^\L,p) = q~H{ ^ 1)|^,P) = I] 

' ^ ' m=0 n=0 

x((i-g(2-+i)g)(5-{^-2n)g _ ^(^+1) - ^-(^+1)) L, n) 
+gg-(^-'^-"^+^)(i ^(1 - g'")^(l-g'^^~"+'^)^|m-l,L,n-l) 

+gg-(^-"-"*-^)(l-g2(-+l))5(l _ g2(n+l)^)i^^_^2(L-„)^)i|^^;^^^^^^;^^)^ ^25) 



X^|L,p) = -^g-(^--)(l-g^(^+^))^(l ■ 

x(5(-+l)(l-g2(m+l))i(^-(L-2n)g . 
_ g2(m+l)^)i(^;L _ ^2(m+2)^)i(^;^ . 

and 

XL\L,p)^-'-^q-^^-^^^\l-q^nHl ' 

x(g'"(l-g2™)5(g-(^-2-)Q _ 
+g-(^-"-2'"-i)(l-g2(^^+i))i(l - 



„— Ij. m=c3c n=L 
7 m=0 n=0 

- g(^+^)-?-(^+^))|m + l,L,n) 

- ?'(^-"+^))5|m,L,n-l) 

- g2("+i))^(l-52(L-n))i|^^2,L,n + l)) (26) 

— Ij. m=oo n=L 
7 m=0 n=0 

■ -g-(^+^))|m- l,L,n) 

■ g2")^(l-g2(^-"+^))V-2,iv,n-l)). (27) 
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By applying (m, L, n\ from the left we get because of linear independence the following condi- 
tions on {m, L,n\L,p) 

(^2p _ ^2n _ ^2m(^ _ ^2n^) ^ q^^"'+^''+^\l - q^^'^-^^)){m, L,n\L,p) 

_ q^(^-^+^))i{m-l,L,n-l\L,p) (28) 

from (25), 

_g-(^-p)(l_g2(p+i))i(^ - q''^''-P^y2{m,L,n\L,p + l) 

^g"^(l_g2m)i(^-(L-2n)g _ ^(^+1) _ ^-(^+1))) _ 1, L, n|L, p) 

+g-(^-"-'"^-^)(l-g2("+i))^(l _ q-'(^-^))h{m,L,n + l\L,p) 

_^-(L-n+l)(i_^2(m-l))i(i_^2m)i(^_^2n^)(^ _ 52(L-n+l)) i _ 3^ ^ _ 1 ^) (29) 

from (26) and 

_^-(L-p+i)(^_^2p)i(^ - g2(^^-f+^))5(m,L,n|L,p-l) 

^^(-+l)(l_^2(m+l))i(^-(L-2n)g _ ^(^+1) _ ^-(^+1)) + 1, L, n|L, p) 

+?-(^-"-2"*)(l-g2")^(l _ q-'(^-^+^)y2{m,L,n-l\L,p) 

_g-{^-")(l _ g2(m+l))i(^ _ ^2(m+2))i(^ _ ^2(n+l))(i _ g2(L-n)) i ^ 3, L, 71 + 1 |L, p)(30) 

from (27). The relations (28-30) are the recursion formulas which permit to compute the 
coefficients (m, L, n\L,p) giving the transformed states \L,p) in terms of basis elements of the 
Hilbert space states HsOg{3) ® "^s^^- 

To investigate the different coefficients {m, L,n\L,p) we start by inserting {0, L,n\L,0) and 
then (m, L,0\L, 0) into (28), the result can be iterated K times to get from 

k=K /-■ _ 2(L+l-n-fe)U 

{K, L,n + K\L, 0) = [J ^ Jv, ^' ^1^' 0)' Q<n + K<L (31) 

and 

k=K d _ „2(L+i-fc)a 

(m + X, L, K\L, 0) ^ l[{ ^ 'I -L^)(m, L, 0|L, 0), < K < L. (32) 

By combining the relations (29) and (30) with (28) wc may deduce by a recursive way the 
coefficients {m + K, L, K\L,p + l), {K, L,n + K\L,p+l), {m + K, L, K\L,p-l) and {K,L,n + 
K\L,p — 1) in terms of those of the development of \L,p) as 

{m,L,n\L,p+l) = -q^-P+^) ) \ , (m, L, n + l|L,p) + 

(1 _ g2(p+l)^2(l — g2(L-p)^2 
(1 — g2(p+l)j2(l — g2(L-p)'j2 
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and 

(m,L,n\L,p-l) = _q{n-P+i) A^JJ_^A^_^ ' /rn,L,n- l\L,p) + 

Therefore all the coefficients in the development (22) of states may be obtained in terms of 

(m,L,0|L,0) and (0,L,n|L,0). 
Now we are in position to state 

Theorem: The Hilbert space 'HsOq(z) ® Ti-^s^ admits the decomposition 

m=oo 

nso,i3)^nfJ^ J2 (35) 



m=—L 



where the L + 1-dimensional Hilbert subspaces Ti^^'"^^ are space of representations of the same 
quantum spheres S^^ where c — c{L). 

proof: First, we may see that 

K=L 

Vf^^m) = ^ \m + K,L,K){m + K,L,K\ , m = -L,.. .,00 (36) 

K=0 

are projectors, T^Ji,,^) = ^(L.m) and V(L,m)'P{L,m') = Sm,m''P{L,m), leading to the decomposition 

m=oo 

nso,i3)(^nfJ = Yl e^^^''"^- (37) 



m=—L 



For m < the sum starts from K — —m because for X + m < the states \m + K, L, K) 
vanish implying that the dimension of is L + 1 + m for —L < m < 0. In this case we 

have 



L—n 



K=0 
L 

= J2 \K -n,L,K){K -n,L,K\L,p) e H^^^'''^ , n = (1, 2, L) (38) 



K=n 



where n = —m. 

Now Let in the Hilbert spaces 



K=L 



|L,p)(") = \m + K,L,K){m + K,L,K\L,p). (39) 

K=0 
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The normalization condition of thes states 0)" < n < L and \L,0)'^ m > gives from 
(31) and (32) 



K=L-n k=K 



/I _ 2(L+l-n-fe)\i 



JC=0 

and 



K=L k=K /I _ 2(L+l-fc)\i 

((m, L, o|L, o))^( E ,^^(-+^) n — - 1 (41) 

K=0 fc= 



respectively. The restriction of (25) to the states (39) gives 

7^ "-^! K=o 

((1 _ g2(m+K)+lg) (5-(^-2^)Q _ ^(^+1) _ ^-(^+1)) \m + K, L, K) 

+Qq-(^-^--'^+^){l-q''(-^+^))h{l - 52i^)^(l-g2{^-^+i))^|m + X-l,L,X-l) 
+Qg-(^-"^-2^-^)(l - _ 52(K+i))^(l _ 52(L-i^))l|m + X+ 1,L,X + 1)). 

(42) 

We evaluate this sum by parts. Each part contains a sum constructed by setting K in the first 
term of the second hand, X + 1 in the second term and X — 1 in the third term and gives the 
same state \m + K,L,K) with coefficient 

S^^(^l_q2im+K)+lQ^^^-iL-2K)Q_qiL+l) _ ^"(^+1)) + i^, L, |L, p) 

+gg-(^-"*-^^-^)(l - 52(-+^+i))^(l - g2(^+i))^(l - 52(L-i^))i(m + X + 1,L,X + 

+Qq-(L-"^-^^+^\l - _ ^2i^)^(i _ q2(L-K+i)^^^ + K-1,L,K- l\L,p)). 

(43) 

For m = m + K and n = K, (28) reduces to the relation 

^(n^+2X+l)(^_^2(™+i^+l))i(^_^2(i^+l))i^^ _ q^(L-K)y^^^j^^-^^-^^j^^-^^-^^p^^ 

^(m+2K-l)(^_^2(,n+X))i(^_^2X^i(^ _ g2(L-K+l))l^^^^_;^^^^^_;^|^^^^ (44) 

which, used into (43), leads to the same proportionality coefficient of the state \m + K,L,K) 
given by 

-^((1 - q^im+K)+lQ^^q-{L-2K)Q_^iL+l) _^-iL+l)^ 

+Qq-''{q^P - - _ ^2^) + ^(2m+4/f+2)(i _ ^2(L-/f)))(^ ^ ^|^^^) 

-(L-2p) 

^^^(^-TiL) l){m + K,L,K\L,p) (45) 



7^ 
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which leads to 



A4X3)|L,p)(™) = q-H(^-rj^-l)Y^\m + K,L,K){m + K,L,K\L,p) 



-(L-2p) 

q-H{^-^-l)\L,p)^-\ (46) 
Now if we apply A{Xz) on the states (39), we obtain 

A(X,)|L,p)M = ^ J^{m + K, L, K\L,p) 

7 K=0 

^(^(m+K+l)(^_^2(m+K+l))l(^-(L-2X)g _ ^(^+1) _ ^"(^+1)) |^ + X + 1, L, 

3^)(l-g2^)5(l - g2(L-/f+i))^|m + ii',L,ii'-l) 

(l_g2{L-K)^i |m + X + 2,L,ir + 1)). (47) 

The computation of each part of this sum corresponding to K for the first term of the second 
hand of (47), K + 1 for the second term and X — 1 for the third term leads to a proportionahty 
coefficient of a same state \m + 1 + K,L,K) given by 

^^qim+K+l)^^ _ ^2(rn+K+l)y^^^-iL-2K)Q _ ^(L+1) _ + I ^ K - I, L, K\L,p) 

^^-(L-2n^-3if-3)(l_^2(/f+l))i(^ _ g2(L-K)) i ^ ^ ^ ^ ^|^^ 

_^-(L-K+l)^^_^2(m+if)^i^^_^2(m+K+l)^i^^ _ ^2K^ i _ ^2(L+l-if)^ i 

{m + l + K-2,L,K-l\L,p). (48) 
By replacing into (29) mhy m + l + K and n by X we see that (48) reduces to 

- ^g-(^-f)(l - g'^^+'))^(l - g'(^-^))^(m +1 + K,L, K\L,p) (49) 

which show that (47) reads 

Ai(X,)|L,p)(-) = 

lAq-iL-P)^l _ q^iP+^))\{i _ g2(L-p)^i ^ |m + 1 + X, L, i^)(m + 1 + i^, L, i^|L,p + 1) 

7 K=0 



= - g'^''-^))^|Ap+l)("+'^ (50) 
The same way gives 

A4X^)|L,p)(-) = 

y ^-(i-P+i)(l_^2p^)i^^_^2(L-p+i)^)^ ^ \m-l + K,L,K){m-l + K,L,K\L,p-l) 

^~'%-(^-f+l)(l-g2f)5(l - (5;L) 
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By using (46), (50) and (51), we can show from a straightforward computation that the states 
|L,p)("*) ,m = — L, — L + 1, . . . , oo, are eingenstates of ^^'^"'q ^^ +^| with the same eigenvalue 

Note that for m = and n — L (28) gives {q^^ — 1)(0, L, L\L,p) — yielding 

{0,L,L\L,p) = if p>0. (52) 

In the other hand (40) leads to 

((0,L,L|L,0))2 = 1 
yielding (0, L, L\L, 0) = A with AA = 1. If we take A = 1, we get 

|L, 0)(L) = |0, L, L)(0, L, L\L, 0) = |0, L, L) (53) 

which is the unique state of the one dimensional Hilbert subspace H^^~^\ In the other hand 
for m = 0, (33) gives 

which shows that (0, L, L - l|L,p + 1) = if p > or (0, L, L - l|L,p) = if p > 1. By 
iteration we get from (54) 

{0,L,L-k\L,p) ^0 if p> k. (55) 

Now by substituting (55) into the left hand side of (28) wc get 

{K,L,L-k + K\L,p) = if p> k (56) 

and by setting L — k — n we obtain 

(ir,L,n + is:|L,p) = 0=^ |L,p)(") = for L - n< p < L. (57) 

Then the Hilbert subspace states H^^''^\ —L < m < 1, do not describe the whole of the 
quantum sphere but only its parts described by the states \L,0) , ...,\L, L + m) . (50) and 
(51) show that is a linear mapping : H^^''^^ — > }j{L,m+i) jg linear mapping 

X_ . ff{L,m) — ^ obtain the Hilbert space of representations, we considcrc the or- 

thogonal subspaces 'H^^'™'^ m = —L, ...,oo spanned by the bases with p = 0,1, L 

which are the Hilbert subspaces in the decomposition (35). The L + 1-dimensional subspace 
7Y(-^>"^) are irreducible space representations of the same quantum sphere S^^ where c = c(L). 
Q.E.D. 

Note that by using the eingenstate relations (13) and the relations (19), the same procedure 
show that in the light-cone (L = oo) the states 

K=ca 

|p)M= J2 \m + K,K){m + K,K\p) , m + K>0 (58) 

K=Q 
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satisfy 



K=oo 

AL{Xs)\py^^ = q-H{q^^P+'^Q-l) J2 \m + K,K){m + K,K\p)^ 

g-H(g(2p+i)g_i)|p)M, (59) 

K=oo 

Ai(X^)|p)("*) = -g-4gg(f+^)(l-g2(p+i))l ^ \m + 1 + K, K){m + 1 + K, K\p + 1) 

K=0 

= -q-HQq^P+^\l-q^^+^^y^\p+l)^"'+^^ (60) 

and 

K=oo 

Al{X^)\p)("'^ = -?-4gg^'(l-g2f)i ^ |m-l + X,X)(m-l + X,X|p-l) 

= -g-itg/(i-g2^)5|p-i)("*-i). (61) 

The states \p)^'^^ are eingenstates of ^^'^"'"q + X^ with the same eigenvalue q~H^. In this 

case we consider in the decomposition (35) the subspaces Ti^'^^ spanned by the bases 

p = 0, 1, oo. The same procedure may be done in the space-hke region for the Hilbert space 

Conclusion: 

In this paper we have showed that the different Podles spheres can be obtained as shces along 
the time coordinate of the different regions (light-cone, time-like or space-like) of the quantum 
Minkowski space-time. The representation of the coaction of the SOq{3) quantum group on 
the quantum spheres S^^ in the Hilbert space states exhibites the periodicity of the quantum 
sphere states through a decomposition (35) of the Hilbert space transformed states in terms 
of orthogonal Hilbert subspaces whose each of them is a space of states of a same quantum 
sphere. 

The state transformations in time-like region (finite L) or light-cone {L = oo) may also be re- 
garded as transformations under the SOq{3) quantum subgroup of the Lorentz group of states 
describing the evolution in the quantum Minkowski space-time of a free particle moving with a 
velocity of the length \v\g = (1 — ::^)^- and of component v^^'"^ — q'^i^-^^iry— — 1) for finite 

L and of the length \v\q — 1, velocity of the light, and of component v^^ — q~^ (q^'^'^'^^^ Q — 1) 
for L — oo 
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